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ABSTRACT 

The interaction between species has been a long standing scientific research both for mathematical ecologists and environmental 

statisticians, biologists or scientists to mention a few. In the present study activity we have indentified the full potential of using a 

numerical simulation which is computationally efficient to differentiate types of stability due to a variation of a co- existence steady 

state solution. The novel results which we have achieved on the implementation of this method have not been seen elsewhere; they 

are presented and discussed in this paper.  

 

Keywords: species, interaction, environmental, numerical simulation, steady state 

 

 

 
                 

                REPORT                                                                                                                            55(285), September, 2019                        

DISCOVERY 
ISSN 

2278–5469        
EISSN 

2278–5450 

https://creativecommons.org/licenses/by/4.0/


                                                                                                                      

www.discoveryjournals.org     OPEN ACCESS 

 
 

ARTICLE 

P
ag

e5
0

5
 

REPORT 

1. INTRODUCTION 

The interaction between two populations dates back to the earlier formulation of Lotka-Volterra system of continuous non- linear 

first order ordinary differential equations. In the theory of competing species, the co-existence steady state solution plays a 

significant role in the survival of two competing species (Burden and Faires, 2001). Since such a steady state solution is a point in the 

phase plane, varying one co-ordinate and fixing the other co-ordinate can have an impact on the type of stability for the two 

competing species. This proposed idea cannot be successfully tackled using an analytical method. Therefore, for the purpose of this 

study, we have utilized the method of a numerical simulation to quantify the impact of one co-ordinate of co-existence steady state 

solution on the type of stability. 

 

2. MATHEMATICAL FORMULATION 

Following (Murray, 2001, Yan and Ekaka-a, 2001, Ford et al., 2010, Kot, 2001, Beeby, 1993).  We have considered the following 

system of continuous non-linear first order differential equation; 

   (1) 

   (2) 

 

Subject to the ordinary initial conditions  

 

Method of Analysis  

We have obtained a co-existence steady state solution (8000, 4000) by using the standard analytical method of Crammer’s Rule to 

solve the above equations (1) and (2). This steady state solution indicates that for the two competing species to survive together, x1 

species will have a population size of 8000 whereas the x2 species will have a population size of 4000. For the purpose of this study, 

we first fixed x2 population size and vary the x1 population size and using this variations to study the stability of the expected co-

existence steady state solution. Secondly, we fixed x1 population size and vary x2 population size and similarly study the stability of 

the co-existence steady state solution. The results that we have obtained on the application of this method are presented and 

discussed below.  

 

3. RESULTS AND DISCUSSIONS 

The results that we have obtained upon the implementation of the above method of analysis are fully presented and discussed in 

this section. 

 

Table1 Evaluating the impact of  between 800 and 4400 on the type of stability 

E x a m p l e x 1 x 2 E i g e n v a l u e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

1 8 0 0 4 0 0 0 2 . 1 5 0 5 0 . 8 0 9 5 U n s t a b l e 

2 1 2 0 0 4 0 0 0 2 . 0 3 6 7 0 . 8 0 9 5 U n s t a b l e 

3 1 6 0 0 4 0 0 0 1 . 9 2 8 4 0 . 3 9 1 6 U n s t a b l e 

4 2 0 0 0 4 0 0 0 0 . 1 7 5 4 1 . 8 2 4 6 U n s t a b l e 

5 2 4 0 0 4 0 0 0 1 . 7 2 4 5 - 0 . 0 4 4 5 U n s t a b l e 

6 2 8 0 0 4 0 0 0 1 . 6 2 7 4 - 0 . 2 6 7 4 U n s t a b l e 

7 3 2 0 0 4 0 0 0 - 0 . 4 9 2 7 1 . 5 3 2 7 U n s t a b l e 

8 3 6 0 0 4 0 0 0 - 0 . 7 2 0 0 1 . 4 0 0 U n s t a b l e 

9 4 0 0 0 4 0 0 0 - 0 . 9 4 8 9 1 . 3 4 8 9 U n s t a b l e 

1 0 4 4 0 0 4 0 0 0 - 1 . 1 7 9 2 1 . 2 5 9 2 U n s t a b l e 

 

What can we learn from Table 1? From Table 1, the ten empirical examples of the two steady state solutions ,  are 

unanimously unstable having two positive eigen values and eigen values of opposite signs. By the mathematical concept of a 

quantitative behavior of solution trajectories, two positive eigen values contribute to the unbound growth of the solution trajectories 
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(hence the steady state solution is said to be unstable). In this context, two eigen values of opposite signs signify that the positive 

eigen value is growing unbound and faster than the negative eigen value that is contributing to the decaying behavior of the 

solution trajectories. A similar observation has been made for Table 2. 

 

Table 2 Evaluating the impact of  between 4800 and 8400 on the type of stability 

E x a m p l e X 1 x 2 E igenva lue    1 E ig env a lue    2 T y p e  o f  s t a b i l i t y 

1 1 4 8 0 0 4 0 0 0 - 1 . 4 1 0 6 1 . 1 7 0 6 U n s t a b l e 

1 2 5 2 0 0 4 0 0 0 - 1 . 6 4 2 9 1 . 0 8 2 9 U n s t a b l e 

1 3 5 6 0 0 4 0 0 0 - 1 . 8 7 6 1 0 . 9 9 6 1 U n s t a b l e 

1 4 6 0 0 0 4 0 0 0 - 2 . 1 1 0 0 0 . 9 1 0 0 U n s t a b l e 

1 5 6 4 0 0 4 0 0 0 - 2 . 3 4 4 4 0 . 8 2 4 4 U n s t a b l e 

1 6 6 8 0 0 4 0 0 0 - 2 . 5 7 9 4 0 . 7 3 9 4 U n s t a b l e 

1 7 7 2 0 0 4 0 0 0 - 2 . 8 1 4 8 0 . 6 5 4 8 U n s t a b l e 

1 8 7 6 0 0 4 0 0 0 - 3 . 0 5 0 6 0 . 5 7 0 6 U n s t a b l e 

1 9 8 0 0 0 4 0 0 0 - 3 . 2 8 6 8 0 . 4 8 6 8 U n s t a b l e 

2 0 8 4 0 0 4 0 0 0 - 3 . 5 2 3 3 0 . 4 0 3 3 U n s t a b l e 

 

However, the co-existence steady state solutions continue to be unstable up to the steady state solution (10000, 4000), after 

which the instability is lost (Table 3 & 4). From our analysis, we have observed that the instability is lost between the steady state 

solutions (10000, 4000) and (10200, 4000). After this bifurcation phase,  each steady state solution is consistently stable having two   

negative eigen values that contribute to the decaying behavior of the solution trajectories of x1(t) and x2(t).    

 

Table 3 Evaluating the impact of  between 8800 and 11800 on the type of stability 

E x a m p l e x 1 x 2 E i g e n v a l u e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

2 1 8 8 0 0 4 0 0 0 - 3 . 7 6 0 0 0 . 3 2 0 0 U n s t a b l e 

2 2 9 2 0 0 4 0 0 0 - 3 . 9 9 7 8 0 . 2 3 7 0 U n s t a b l e 

2 3 9 6 0 0 4 0 0 0 - 4 . 2 3 4 2 0 . 1 5 4 2 U n s t a b l e 

2 4 1 0 0 0 0 4 0 0 0 - 4 . 4 7 1 6 0 . 0 7 1 6 U n s t a b l e 

2 5 1 0 2 0 0 4 0 0 0 - 4 . 7 0 9 1 - 0 . 0 1 0 9 S t a b l e 

2 6 1 0 4 0 0 4 0 0 0 - 4 . 9 4 6 8 - 0 . 0 9 3 2 S t a b l e 

2 7 1 0 8 0 0 4 0 0 0 - 5 . 1 8 4 7 - 0 . 1 7 5 3 S t a b l e 

2 8 1 1 2 0 0 4 0 0 0 - 5 . 4 2 2 7 - 0 . 2 5 7 3 S t a b l e 

2 9 1 1 4 0 0 4 0 0 0 - 5 . 6 6 0 8 - 0 . 3 3 9 2 S t a b l e 

3 0 1 1 8 0 0 4 0 0 0 - 5 . 8 9 9 1 - 0 . 4 2 0 9 S t a b l e 

 

Table 4 Evaluating the impact of  between 12800 and 16400 on the type of stability 

E x a m p l e x 1 x 2 E i g e n v a l u e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

3 1 1 2 8 0 0 4 0 0 0 - 6 . 1 3 7 4 - 0 . 5 0 2 6 S t a b l e 

3 2 1 3 2 0 0 4 0 0 0 - 6 . 3 7 5 8 - 0 . 5 8 4 2 S t a b l e 

3 3 1 3 6 0 0 4 0 0 0 - 6 . 6 1 4 3 - 0 . 6 6 5 7 S t a b l e 

3 4 1 4 0 0 0 4 0 0 0 - 6 . 8 5 2 9 - 0 . 7 4 7 1 S t a b l e 

3 5 1 4 4 0 0 4 0 0 0 - 7 . 0 9 1 5 - 0 . 8 2 8 5 S t a b l e 

3 6 1 4 8 0 0 4 0 0 0 - 7 . 3 3 0 2 - 0 . 9 0 9 8 S t a b l e 

3 7 1 5 2 0 0 4 0 0 0 - 7 . 5 6 9 0 - 0 . 9 9 1 0 S t a b l e 

3 8 1 5 6 0 0 4 0 0 0 - 7 . 8 0 7 8 - 1 . 0 7 2 2 S t a b l e 

3 9 1 6 0 0 0 4 0 0 0 - 8 . 0 4 6 7 - 1 . 1 5 3 3 S t a b l e 

4 0 1 6 4 0 0 4 0 0 0 - 8 . 2 8 5 7 - 1 . 2 3 4 3 S t a b l e 
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What is our next task? Having varied x1 and fixed x2 to construct several steady state solutions that were unstable (dominant) and 

stable in the minor, we would like to explore further on the variation of x2 while x1 is fixed. The results of this new idea are shown in 

Tables 5-8. 

 

Table 5 Evaluating the impact of  between 400 and 2200 on the type of stability 

E x a m p l e x 1 x 2 E ig en v a lu e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

1 8 0 0 0 4 0 0 - 1 . 1 3 5 8 0 . 4 9 5 8 U n s t a b l e 

2 8 0 0 0 6 0 0 - 1 . 2 8 5 3 0 . 5 2 5 3 U n s t a b l e 

3 8 0 0 0 8 0 0 - 1 . 4 2 7 1 0 . 5 4 7 1 U n s t a b l e 

4 8 0 0 0 1 0 0 0 - 1 . 5 6 3 0 0 . 5 6 3 0 U n s t a b l e 

5 8 0 0 0 1 2 0 0 - 1 . 6 9 4 2 0 . 5 7 4 2 U n s t a b l e 

6 8 0 0 0 1 4 0 0 - 1 . 8 2 1 5 0 . 5 8 1 5 U n s t a b l e 

7 8 0 0 0 1 6 0 0 - 1 . 9 4 5 5 0 . 5 8 5 5 U n s t a b l e 

8 8 0 0 0 1 8 0 0 - 2 . 0 6 6 8 0 . 5 8 5 6 U n s t a b l e 

9 8 0 0 0 2 0 0 0 - 2 . 1 8 5 6 0 . 5 8 5 6 U n s t a b l e 

1 0 8 0 0 0 2 2 0 0 - 2 . 3 0 2 4 0 . 5 8 2 4 U n s t a b l e 

 

Table 6 Evaluating impact of  between 2400 and 4200 0n the type of stability 

E x a m p l e x 1 x 2 E ig en v a lu e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

1 1 8 0 0 0 2 4 0 0 - 2 . 4 1 7 2 0 . 5 7 7 2 U n s t a b l e 

1 2 8 0 0 0 2 6 0 0 - 2 . 5 3 0 4 0 . 5 7 0 4 U n s t a b l e 

1 3 8 0 0 0 2 8 0 0 - 2 . 6 4 2 0 0 . 5 6 2 0 U n s t a b l e 

1 4 8 0 0 0 3 0 0 0 - 2 . 7 5 2 3 0 . 5 5 2 3 U n s t a b l e 

1 5 8 0 0 0 3 2 0 0 - 2 . 8 6 1 3 0 . 5 4 1 3 U n s t a b l e 

1 6 8 0 0 0 3 4 0 0 - 2 . 9 6 9 2 0 . 5 2 9 2 U n s t a b l e 

1 7 8 0 0 0 3 6 0 0 - 3 . 0 7 6 0 0 . 5 7 6 0 U n s t a b l e 

1 8 8 0 0 0 3 8 0 0 - 3 . 1 8 1 8 0 . 5 0 1 8 U n s t a b l e 

1 9 8 0 0 0 4 0 0 0 - 3 . 2 8 6 8 0 . 4 8 6 8 U n s t a b l e 

2 0 8 0 0 0 4 2 0 0 - 3 . 3 9 0 9 0 . 4 7 0 9 U n s t a b l e 

 

Table 7 Evaluating the impact of  between 4400 and 6200 on the type of stability 

E x a m p l e x 1 x 2 E i g e n v a l u e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

2 1 8 0 0 0 4 4 0 0 - 3 . 4 9 4 2 0 . 4 5 4 2 U n s t a b l e 

2 2 8 0 0 0 4 6 0 0 - 3 . 5 9 6 8 0 . 4 3 6 8 U n s t a b l e 

2 3 8 0 0 0 4 8 0 0 - 3 . 6 9 8 7 0 . 4 1 8 7 U n s t a b l e 

2 4 8 0 0 0 5 0 0 0 - 3 . 8 0 0 0 0 . 4 0 0 0 U n s t a b l e 

2 5 8 0 0 0 5 2 0 0 - 3 . 9 0 0 7 0 . 3 8 0 7 U n s t a b l e 

2 6 8 0 0 0 5 4 0 0 - 4 . 0 0 0 7 0 . 3 6 0 7 U n s t a b l e 

2 7 8 0 0 0 5 6 0 0 - 4 . 1 0 0 3 0 . 3 4 0 3 U n s t a b l e 

2 8 8 0 0 0 5 8 0 0 - 4 . 1 9 9 3 0 . 3 1 9 3 U n s t a b l e 

2 9 8 0 0 0 6 0 0 0 - 4 . 2 9 7 8 0 . 2 9 7 8 U n s t a b l e 

3 0 8 0 0 0 6 2 0 0 - 4 . 3 9 5 9 0 . 2 7 5 9 U n s t a b l e 

 

Table 8 Evaluating the impact of  between 6400 and 8200 on the type of stability 

E x a m p l e x 1 x 2 E i g e nv a l u e    1 E i g e n v a l u e    2 T y p e  o f  s t a b i l i t y 

3 1 8 0 0 0 6 4 0 0 - 4 . 4 9 3 5 0 . 2 5 3 5 U n s t a b l e 

3 2 8 0 0 0 6 6 0 0 - 4 . 5 9 0 7 0 . 2 3 0 7 U n s t a b l e 

3 3 8 0 0 0 6 8 0 0 - 4 . 6 8 7 5 0 . 2 0 7 5 U n s t a b l e 

3 4 8 0 0 0 7 0 0 0 - 4 . 7 8 3 9 0 . 1 8 3 9 U n s t a b l e 
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What contribution has the present analysis made over the earlier formulation? While the original formulation simply described 

the deterministic interaction between two competing species, the in-depth study of the impact of the co-existence steady state 

solution on the type of stability was not considered. In order to extend this idea, we have utilized a sound mathematical reasoning 

to investigate the effect of the co-existence steady state solution on the type of stability. On the basis of this present analysis, we 

can clearly mention that the present numerical analysis is a cutting edge contribution over the previous mathematically track-table 

and ecological track-table system of competing species. 

 

4. CONCLUSION AND FURTHER RESEARCH 

The key achievement of this important study depends on its significance contribution: we have utilized the method of numerical 

simulation to clearly study the effect of varying the co-existence of the steady state solution on the type of stability. In particular 

when the  population size is varied for a fixed population size, we have found several significant dominant unstable steady 

state solutions that consequently change to a few instances of stable co-existence steady state solutions. This aspect of bifurcation 

analysis has the potential to influence ecosystem functioning, planning and sustainable development. The full details of other 

parameter variations in the context of pure competition and other types of interactions such as mutualism, commensalism and 

predation will be the subjects of our further research. 
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3 5 8 0 0 0 7 2 0 0 - 4 . 8 8 0 0 0 . 1 6 0 0 U n s t a b l e 

3 6 8 0 0 0 7 4 0 0 - 4 . 9 7 5 7 0 . 1 3 5 7 U n s t a b l e 

3 7 8 0 0 0 7 6 0 0 - 5 . 0 7 1 1 0 . 1 1 1 1 U n s t a b l e 

3 8 8 0 0 0 7 8 0 0 - 5 . 1 6 6 1 0 . 0 0 8 6 U n s t a b l e 

3 9 8 0 0 0 8 0 0 0 - 5 . 2 6 0 8 0 . 0 6 0 8 U n s t a b l e 

4 0 8 0 0 0 8 2 0 0 - 5 . 3 5 5 3 0 . 0 3 5 3 U n s t a b l e 


